Abstract. We modified the class code in order to include relativistic galaxy number counts in spatially curved geometries; we present the formalism and study the effect of relativistic corrections on spatial curvature. The new version of the code is now publicly available. Using a Fisher matrix analysis, we investigate how measurements of the spatial curvature parameter Ω K with future galaxy surveys are affected by relativistic effects, which influence observations of the large scale galaxy distribution. These effects include contributions from cosmic magnification, Doppler terms and terms involving the gravitational potential. As an application, we consider angle and redshift dependent power spectra, which are especially well suited for model independent cosmological constraints. We compute our results for a representative deep, wide and spectroscopic survey, and our results show the impact of relativistic corrections on spatial curvature parameter estimation. We show that constraints on the curvature parameter may be strongly biased if, in particular, cosmic magnification is not included in the analysis. Other relativistic effects turn out to be subdominant in the studied configuration. We analyze how the shift in the estimated best-fit value for the curvature and other cosmological parameters depends on the magnification bias parameter, and find that significant biases are to be expected if this term is not properly considered in the analysis.
Introduction
Spatial curvature is one of the most interesting parameters to measure in order to constrain properties of the early universe. Important constraints on the following parameters have been set to describe different inflationary models in the current picture of the primordial universe: the deviation from Gaussianity in the primordial perturbations, quantified, e.g., by the primordial bispectrum amplitude parameter f NL and its running n NG , the tensor-to-scalar ratio r, the spectral index of the primordial power spectrum n s and its running α s , and the curvature parameter Ω K . The ability to constrain the first two of these parameters has been investigated in several works by looking at both the CMB [see e.g. [1] [2] [3] and the large-scale structure (LSS) of the universe [see e.g. [4] [5] [6] [7] [8] [9] [10] , or a combination of the two [see e.g. 11 -13] . The parameter r is usually constrained using CMB experiments [see e.g. 3, [14] [15] [16] . The primordial power spectrum parameters {n s , α s } are routinely used to test cosmological models [see e.g. [17] [18] [19] .
The importance of measuring curvature as a means to constrain inflationary models has been discussed, e.g., in [20] [21] [22] [23] . Detecting Ω K ≠ 0 would significantly limit the parameter space for inflationary models. One of the primary motivations for inflationary cosmology was to explain the observed (spatial) flatness of our observed Universe. Inflationary models that allow a large number of e-foldings predict that our Universe should be very accurately spatially flat, and the effective curvature within our Hubble radius should be of the order of the amplitude of the curvature fluctuations generated during inflation, i.e. Ω K ∼ O (10 −5 ). Inflationary models with interesting open [see e.g. [24] [25] [26] [27] [28] [29] or closed geometries [20] have been considered. Even more speculatively, models with open geometries from tunneling events between metastable vacua within a "string landscape" have been proposed [30] . Observational limits on spatial curvature therefore offer important additional constraints on inflationary models and fundamental physics. It has been shown that the most robust implication of false vacuum decay is negative curvature [30] , which can naturally arise in the multiverse, while it would be difficult to understand it within standard cosmological models without significant fine tuning. Interestingly, a discovery of positive curvature would falsify the multiverse as we understand it. Furthermore, the exploration of curvature may contain information about possible measures in the multiverse [22] .
Let us also note that departure from flatness could be due either to a local inhomogeneity, or a truly superhorizon departure from flatness. In the first case, spectral distortions can be induced at a level detectable by next-generation experiments [31] .
Current measurements of the curvature parameter come from the combination of CMB [32, 33] and LSS [34] . The SPT lensing measurements combined with 7y WMAP temperature spectrum found Ω K = 0.0014 ± 0.017 [35] . The Planck satellite recently constrained the curvature using observations of the CMB alone, finding Ω K = −0.040 +0.038 −0.041 ; the addition of lensing reconstruction gives a substantial improvement, bringing the constraints to Ω K = −0.005 +0.016 −0.017 . These constraints are substantially improved by the addition of BAO data, and the combined constraints read Ω K = −0.0001 +0.0054 −0.0052 [18] . The curvature parameter has also been measured by galaxy surveys such as BOSS, which arrived at Ω K = −0.00264 +0.00466 −0.00461 , or Ω K = −0.00411 ± 0.01029 with more conservative assumptions [36] , and with a more recent analysis Ω K = 0.0010 ± 0.0029 [37] ; WiggleZ found Ω K = −0.0043 ± 0.0047 [38] . Note that all the parameter estimations from LSS observations so far are based on a standard power spectrum, P (k), analysis which does not take into account the relativistic effects studied in this work. There are also prospects to learn about Ω K from measurements of the jerk, the third derivative of the expansion rate. The jerk was first reported measured in [39] , and the implications for Ω K discussed in [40] .
The current curvature parameter estimations show that we are not yet at the cosmic variance limit. These measurements are more than one order of magnitude away from the limiting threshold to which we can test the models mentioned above. Furthermore, based on statistical arguments [41] , the information coming from joint CMB and planned future large scale structure surveys may not allow unambiguous conclusions about the geometry of our Universe if the value of the curvature parameter is below Ω K ∼ O (10 −4 ). In recent years there has been a significant increase in the amount and quality of the available cosmological data, and the next decade promises to bring further sub-stantial improvements. It is important to understand how precisely future instruments will constrain the curvature parameter, trying to provide insights to some of the most profound questions regarding the primordial universe, and even providing observational constraints for string theory models. Future galaxy surveys will probe huge cosmological volumes by building wide [see e.g. 42, 43] and deep [see e.g. [44] [45] [46] galaxy catalogs. It has been argued that a proper relativistic treatment will be needed in order to provide a sufficiently accurate theoretical modeling of galaxy clustering on those scales [see e.g. [47] [48] [49] [50] [51] [52] [53] [54] . Recently the effects of relativistic corrections on 2-point [10, [55] [56] [57] [58] [59] [60] [61] and higher order statistics [62] [63] [64] have been studied, and methods to isolate them have been proposed [65] [66] [67] [68] [69] . It is now timely to investigate the potential of large-scale effects to measurements of the curvature parameter. Given that a Newtonian description of galaxy clustering might lead to biased results, we pay special attention to the relativistic effects.
In this paper we describe the modification of the CLASS code 1 [70] [71] [72] needed to include spatially curved geometries not only in the computation of CMB observables and of the matter power spectrum, but also in the part of the code dealing with the galaxy number counts (including all relativistic effects). This part of the code was previously developed in flat space, in a branch called classgal [73] , which has been merged into the main class public distribution since version v2.1.0. The equations presented in this paper are included in the new release v2. 5 .0. We analyze to what extent geometrical (i.e., changes in the metric) and dynamical effects (i.e., changes in the background density parameters) due to curvature affect the angular power spectra. We then investigate the effect of including relativistic terms on measurements of the curvature parameter by performing Fisher matrix forecasts on tomographic angle and redshift dependent power spectra. We assume galaxy survey specifications consistent with a spectroscopic SKA-like [42] experiment.
The paper is organized as follows. In Section 2 we generalize the expression for the general relativistic galaxy number counts to non-flat geometries, and in Section 3 we introduce the observable we use to constrain curvature, i.e. the redshift dependent angular power spectra. Our results are discussed in Section 4. In Section 5 we draw our conclusions.
Galaxy number counts for non-flat universe
In order to constrain the spatial curvature from LSS observations, we need to generalize LSS probes, in particular the galaxy number counts [47] [48] [49] [50] , to non-flat geometries for which we define the curvature K by
Being the galaxy number counts observables, they are gauge-invariant, so that we have the freedom to compute them in any arbitrary gauge. We choose to work in Newtonian gauge, ds
1 http://class-code.net/ -3 -where:
and:
We consider only scalar perturbations, i.e. the Bardeen potentials Φ and Ψ, since to first order vector, if generated, are diluted by the expansion of the universe and tensor perturbations are subleading and relevant only on very large scales. Nevertheless, they might be important at second order. We mainly follow the approach of [49] considering, however, the spatially curved the metric (2.2). We define the galaxy number counts in terms of the direction of observation −n (where n is the propagation direction of photons) and redshift z as:
where ⟨. . .⟩ denotes the angular mean at fixed observed redshift z, n g (n, z) = dN dz dΩ is the number density of sources per redshift and per solid angle and ν(n, z) = dV dz dΩ is the volume density per redshift and per solid angle. We also introduced the density perturbation in redshift space 6) where ρ g (n, z) = n g (n, z) ν(n, z) is the galaxy density per comoving volume, and the volume perturbation
We remark that, not only the galaxy number counts ∆ (n, z), but also the density perturbation in redshift space δ z (n, z) and the volume perturbation δν (n, z) ν (z) are gauge-invariant quantities. In the following we compute explicitly the contributions of these two terms.
Density perturbation in redshift space
As shown in [49] , the redshift dependent density perturbation can be expanded to first order in perturbation theory as
wherez denotes the background redshift. In order to compute δ z we need to derive, to first order, the redshift z measured by an observer moving with a peculiar velocity v o and emitted by a source v s . We write the metric in eq. (2.2) as ds 2 = a 2 ds 2 and use the fact that light-like geodesics are conformally invariant, i.e., ds 2 and ds 2 have the same light-like geodesics. We choose the affine parameters in the two metricsλ = a 2 λ, so that the photon geodesics are related byñ = n a 2 . Since we haveũ = u a for the 4-velocities, where u = (1 − Ψ, v), the redshift is
Being the spatial component u i , i.e. the peculiar velocity, already at first order, and normalizing the affine parameter λ such thatn µ = (1, n), we just need to compute n 0 by solving the geodesic equation, 10) where dots indicate derivatives with respect to conformal time τ . By applying the chain rule:
where A (τ (λ) , x (λ)) is an arbitrary first order quantity, we solve the geodesic equation (2.10)
This yields to
It is not surprising that the curvature does not enter explicitly in the redshift expression. By adopting the Born approximation we consider photon traveling along unperturbed radial geodesic, while in the metric (2.2) the curvature is confined in the generalized 2-sphere described by the 2-dimensional metric γ ij r=1 . We neglect the quantities evaluated at the observer position that lead to a monopole and a dipole terms depending on the potential and the velocity, respectively. The former quantity is not observable, and the latter cannot be treated within cosmological perturbation theory. Then, from eq. (2.13) we obtain
The Bianchi identity (or 'energy' conservation equation) reads:
This relation can be used to replace
dz , but it assumesρ g a 3 to be constant.
To be consistent with general models of galaxy formation we need to allow for a nonvanishing evolution term (also called evolution bias b e in the literature)
The redshift dependent density perturbation is
We have introduced the galaxy density in Newtonian (or longitudinal) gauge δ g , and the gauge invariant variable D m that coincides with the dark matter density perturbation in the comoving gauge (see [74] for more details). At first order in perturbation theory, D m also corresponds to the density perturbation in synchronous gauge comoving with dark matter. We assume that it is related to the comoving gauge galaxy density perturbation D g by a linear galaxy bias D g = bD m , which can be function of time and of the scale. This galaxy bias prescription is justified from the fact that on large enough scales, both galaxies and dark matter follow the same velocity field as they experience the same gravitational acceleration [75, 76] . Hence, we further assume no velocity bias, so that by v we indicate at the same time the (gauge invariant) matter and the galaxy velocity potential in the Newtonian gauge, defined through v = −∇v. The gauge transformation relating the galaxy density perturbations in the longitudinal and synchronous gauges, taking into account also evolution bias [50] , is then:
Volume perturbation
Now, we compute the contribution to the galaxy number counts induced by the volume perturbation. We start considering an infinitesimal volume element around the source defined by
Since we are interested in expressing all the perturbations in terms of observable quantities, we expand the angles at source around the observed angles at the observer,
where
and ∂(θs,ϕs) ∂(θo,ϕo) is the determinant of the Jacobian of the coordinate transformation from the angles at the source (θ s , ϕ s ) to the angles at the observer (θ o , ϕ o ). To first order in perturbation theory it becomes
Then, by writing explicitly (2.22), we find
We need to compute how the radial coordinate r changes along the light geodesic,
and expand around the background the following term:
(2.26) With these two expressions, we can rewrite (2.24) as
27) where all quantities are evaluated at the source background position. Then, we expand ν (z) around the background redshiftz obtaininḡ
This leads to the volume perturbation,
To completely determine the volume perturbation we need to solve the geodesic equations for δr, δθ, δϕ. We start from the radial coordinate,
From the geodesic equation dδn
and eq. (2.10) we obtain
where we have again neglected the contributions at the observer position. So, the radial contribution to the volume perturbation is
After the radial coordinate, we look at the angles θ and ϕ. We have
The geodesic equations lead to
which is solved by
Analogously, we have
which is solved by 
Hence, the angular contribution to the volume perturbation is given by 43) where
ϕ sin 2 θ is the angular part of the Laplacian. This expression can be further simplified by partial integration and using
As expected, we find that the angular contribution to the volume perturbation describes the lensing effect in the generalized form
where r ′ denotes τ o − τ ′ . By using the simple relation
we obtain the lensing term in a more common form,
To conclude, by plugging together all the contributions, we find the total volume perturbation
where we have assumed that galaxies moves along geodesics,
By summing up the redshift density perturbation (2.18) with the volume perturbation (2.48) we find the galaxy number counts
In the flat limit one needs just to replace S ′ K S K with 1 r to recover the expression computed in [49] .
Magnification bias
Another effect to take into account is induced by the flux limited properties of galaxy surveys. Up to now we have implicitly assumed that galaxy surveys are volume limited, i.e. we observe all the galaxy up to a given redshift. Flux limited galaxy survey may observer fainter galaxies if their signal is magnified along the line of sight, and viceversa [77] . Hence, this effect might be degenerate with the lensing (magnification) signal and we need to carefully introduce it, see e.g. [50, 73] for K = 0. Including this effect, so considering that the observed galaxy number counts depends also on the luminosity, at a given fixed flux F , it becomes 
we compute δD L to first order for non-flat geometries, i.e. for the metric (2.2), in Appendix C. Hence we obtain
We defined the magnification bias (see [73] for more details)
denotes the background number density of galaxies with luminosity larger than L * (or equivalently a magnitude smaller than m * or flux larger than F * ). The magnification bias s is also often replaced by Q = 5s 2 in the literature.
The angular power spectrum
The power spectrum cross-correlating two scalars X and Y is
where the star denotes complex conjugation and
denotes the spherical harmonic functions [78] . Given the transfer function ∆ X (q, z) the angular power spectra for an open universe K ≤ 0 reads [72, 74, 79] :
where the generalized wavenumber q = √ k 2 + K is seen as a function of k (wavenumber in the flat limit), and P R (k) is the primordial spectrum of scalar curvature perturbations. We remark that a power-law power spectrum is uniquely determined in terms of wavelength k, generalized wavenumber q, which is an eigenvalue of the Helmholtz equation (3.3), and volume (see e.g. [25] ) only for spatially flat space-time. For open and close universe they differ for modes larger than the curvature radius. Our choice, consistently with [72] , is to consider a power-law in the wavelength k, namely P R (k) ∝ k n . Nevertheless, since the ratio between the curvature and the Hubble radius is determined by √ Ω K , a curvature density parameter of order Ω K ∼ O 10 −2 leads to observational differences only at scale of order O (10) Hubble radius. Hence our choice does not affect our results, and generically late time observables. We also introduce a rescaled generalized wavenumber 2 κ = q K . For a closed universe K > 0 the integral in eq. (3.2) is replaced by a sum over discrete k n = (n 2 − 1)K related to generalized wave numbers by κ n = q n √ K = n with n = 3, 4, 5, . . . We compute the angular power spectra using the class code [70] [71] [72] . We obtain the transfer functions ∆ X (q, z) by expanding eq. (2.52) over the basis Q k (x) given by the eigenfunctions of the Laplacian
In the flat limit Q k (x) = exp(ik ⋅ x) (2π) 3 2 and its expansion in spherical harmonics is written in terms of spherical Bessel functions j [k(τ 0 − τ )]. Following [25, 72, 74, 79, 80] , the generalization to a non-flat spacetime involves hyperspherical Bessel functions Φ κ (χ),
where we use the rescaled radial coordinate χ = K (τ 0 − τ ) such that in the flat limit
The number count transfer functions obtained from eq. (2.52) are shown in Appendix B, while in Appendix A we also give more details about scalar harmonic functions Q k (x).
Constraining the curvature parameter
In this section we consider a mock galaxy survey loosely modeled after the SKA HI galaxy survey [81] (see also e.g. [82, 83] for a discussion on possible SKA surveys). In Appendix D we show the specifications used in our calculations and describe our Fisher matrix formalism. We investigate how effects which are usually neglected in galaxy clustering analysis affect constraints on the curvature parameter. 
Standard Newtonian and full relativistic spectra
In the following we investigate how considering a fully relativistic tomographic analysis instead of a traditional Newtonian one affects the angular power spectra for non-flat universes. We define the "standard Newtonian" analysis one which includes in eq. (3.2) only the density perturbation and the Kaiser redshift-space distortions (however we do not apply the plane-parallel approximation):
In the "fully relativistic" analysis we consider all contributions, including lensing convergence [77, 84, 85] , 3 additional velocity terms (that we call Doppler, D1 and D2), and effects depending directly on the gravitational potentials (G1 to G5):
where all the terms are defined in Appendix B, eq. (B.8). We always consider redshift bin cross-correlations, both for Newtonian and relativistic terms. As it has been shown [86, 87] , this is needed to recover the 3-dimensional information in the galaxy catalog. We stress that in our conservative configuration, i.e. 5 redshift bins, cross-correlations add constraining power mostly through the non-local relativistic terms (cosmic magnification, ISW and time delay effects, see [54] ).
In figure 1 we plot the relative variation of the angular power spectra when adding a non-vanishing curvature parameter Ω K = 0.01. We plot
. 3 While the lensing potential is a well known and constrained term from galaxy shear studies, in the context of galaxy clustering it is usually neglected, except for specific configurations [60] . We fix Ω m = 0.3 and we vary Ω Λ according to eq. (D.1). We choose 5 redshift bins as specified in Appendix D, fig. 9 . For the redshift bin auto-correlations we show the effect of full power spectra, i.e. including both Newtonian and relativistic contributions, and we compare them with just the Newtonian terms. For cross-correlation we only plot the full power spectra, since the Newtonian one would be dominated by numerical noise. Not surprisingly, the first bin is most strongly affected by curvature as it becomes more relevant at low redshift. For all except the first bin, including relativistic effects enhances the difference between the curved and flat spectra. Note also the change of sign in the 1-2 cross correlation at = 13 which comes from the zero-crossing of the lensing term ∝ 2−5s(z) which happens in the second bin. The cross-correlation signal is dominated by the lensing terms as already discussed in Ref. [60] . Obviously a non-vanishing curvature changes the angular diameter distance and shifts the BAOs in angular scale. This effect causes the wiggles in the left panel of figure 1 . Also the change in Ω Λ , which varies together with Ω K according to eq. (D.1) leads to a difference in the angular diameter distance. We study the impact of the differences, induced by relativistic terms (here dominated by the lensing term), on the precision of measurements of the curvature parameter and its best-fit estimate in the next sections.
To disentangle geometrical (changes in the metric) and dynamical (changes in the background density parameters and therefore in the Hubble parameter, H(z)) effects due to curvature, we introduce a fictitious non-adiabatic fluid with roughly constant equation of state 4 w fld ≈ −1 3, whose density parameter scales in the same way as the one from curvature, while keeping a flat metric. Since we are not interested in the dynamics of the non-adiabatic fluid itself, but only in understanding by how much power spectra are affected by changes in the density parameters, we neglect its perturbations 5 (in particular, our results are independent of the fluid sound speed c s ). This artifact allows us to take into account changes to the Hubble parameter H(z) due to different density parameters, still keeping a flat metric. In figure 1 we compared the relativistic spectra obtained, as explained above, by assuming a standard flat model with cosmological 4 For an adiabatic perfect fluid we haveẇ = 3H(1 + w)(w − c 2 s ), that requires either w = −1 or w = c 2 s in order to have a constant w over time. For more details about the implementation of the non-adiabatic fluid with a generic nearly constant equation of state, see [88] . 5 Note, however, that in the public version of class, fluid perturbations are consistently taken into account. 
where X refers either to curvature or to the fluid (in the latter case the metric in eq. (2.2) has no curvature term). We always set Ω m = 0.3. Figure 2 shows the relative difference between the oΛCDM and fΛCDM models. The dynamical evolution of the background is the same in both cases, hence differences in the spectra reflect the geometrical contributions induced by the curvature term. Geometrical effects contribute substantially to the difference shown in figure 1 , and they slightly increase at very large scales and for low redshift bins, especially in the autocorrelations.
In figure 3 we show the relative difference of the fΛCDM and ΛCDM models. In both cases the geometric contributions due to the curvature term are absent, hence the deviations provide information about the effect of the different evolution of the background. Compared to figure 1, the amplitude of the deviations is less significant, but still non-negligible especially for the bin auto-correlations at larger redshift. In the crosscorrelations of the first bin with other bins the dynamical contributions increase with multipole. Even though the cross correlation 1-2 also passes through zero at ≃ 13, the difference does not change sign in this case, hence the relative difference simply shows a divergence since the zeros of both spectra do not exactly coincide. The corresponding plot of the difference between the curved and the fluid case shown in fig. 2 , however Importance of dynamical contributions: the relative variation of the relativistic angular power spectra for the fΛCDM model is plotted against the ΛCDM model. While geometrical terms due to curvature are absent in both cases, the background evolution changes. The curve legend follows figure 2. While larger oscillations reflect differences in the acoustic peaks location, smallest scales oscillation are due to numerical precision and interpolation. exhibits a change of sign (leading to the characteristic vertical line in the relative difference). In the auto-correlations for the higher redshift bins the plateau in figure 3 is extended over larger multipoles and starts decreasing around the region of the acoustic peaks, to increase again later on (see e.g. the bins 2-2 correlation). In the case of the first bin auto-correlation, the increasing regime is reached already at the lower multipoles. This is due to the fact that on large scales the C 's are roughly constant leading to a constant shift while on smaller scales power is increasing with such that a constant offset in the angular diameter distance leads to an increasing shift in the spectra. Since at low redshift also low 's do not signify very large scales, this increase starts earlier for the lowest redshift bin.
Note that, in particular, the position of the acoustic peaks (see the amplitude of the fluctuations at ≳ 100 in figures 1, 2 and 3) is affected by a comparable amount by both dynamical and geometrical effects. This is expected, since a different redshift-distance relation implies a shift in of the acoustic peaks: given a certain z, comoving distances for the open model oΛCDM are larger than in a flat ΛCDM universe, and the acoustic scale of the peak subtends a smaller angle (larger multipole ).
To conclude, both geometrical (i.e., changes in the metric) and dynamical effects (i.e., different cosmological parameters in eq. (4.3)) are relevant and increase with the scale (except for the first bin auto-correlation in figure 3 ). In the configuration taken into account, geometrical effects dominate over the dynamical ones, which are nevertheless non-negligible especially if information about the precise acoustic peak locations is needed.
Error forecasts
In this section we forecast how future galaxy surveys will be able to measure the curvature parameter by using a new version of the code class [71] [72] [73] , that we modified to include the formalism described in the previous sections. The aim of this work is not to derive the best constraints for Ω K achievable with future survey, but to understand how much information is encoded in the relativistic corrections and to determine the size of the error in the curvature introduced by neglecting them. We therefore consider a rather conservative set-up with only 5 redshift bins. As shown in [86, 87] , a larger number of bins is required to extract all the 3-dimensional information from the survey. With few bins, as we will show, the lensing convergence turns out to be the most relevant contribution neglected in a Newtonian galaxy clustering analysis. Including many thin redshift bins (which is in principle possible thanks to SKA's spectroscopic redshift determination σ z (1 + z) ∼ 0.001) may enhance the effect of other local terms such as Doppler effects (see e.g. [89] ), and a dedicated study of this may be worthwhile.
We assume specifications consistent with a SKA-like survey [82, 83] , described in Appendix D together with our Fisher matrix formalism. There, we also specify our base values of cosmological parameters which agree roughly with the Planck results [18] . We expect our forecasts to hold qualitatively also for an Euclid-like photometric survey, the main differences being given by a reduced sky coverage f changes-and by larger redshift uncertainties, whose effect is partially reduced thanks to the large redshift bins; see, e.g., [60] for a comparison of the lensing effect, main term of interest also in the present work, in the two cases SKA and Euclid.
In the rest of this Section we compare the information encoded in the Newtonian terms, in cosmic magnification and in the other relativistic effects. In particular, we want to study how the information beyond Newtonian terms may change the constraints on the curvature parameter Ω K . For this we shall analyse two questions: 1) to what extend constraints on the curvature parameter are degenerate with the accurate knowledge of relativistic effects?, and 2) how are the best-fits of cosmological parameters biased if relativistic effects are neglected? We will now address the first problem, and consider the second question in the next section.
Cosmic magnification and other relativistic effects, if neglected, introduce a systematic error in the data analysis. To estimate this error, we perform a Fisher analysis (see Appendix D for more details) and we compare the forecasted error on Ω K if we do include cosmic magnification with respect to a complete marginalization of the cosmic magnification amplitude. As in [58, 60] , we introduce a new parameter, L , which describes the amplitude of cosmic magnification, by replacing 6 ∆ Len with L ∆ Len in eq. (4.2). We treat L on the same footing as other cosmological parameters in the Fisher analysis, namely we include it both in the derivatives of the spectra and on the covariance matrices. As we see in figure 4 , the lensing information can be highly degenerate with Ω K if we consider only z-bin auto-correlations (red contours). The amount of degeneracy (i.e., the difference between marginalized and fixed 1-dimensional constraints on Ω K ) is very sensitive to the magnification bias parameter s(z), which has to be known with good accuracy in order not to systematically affect the constraints on the curvature parameter. Figure 4 . 1σ contour plot for Ω K and L . In red (dashed) we consider only z-bin autocorrelation, while in blue (solid) we include also z-bin cross-correlation. In the left panel we adopt magnification bias for a SKA-like survey (i.e. eq. (D.5)), while in the right panel we consider a constant magnification bias s(z) = 1. In both panels we have f sky = 0.75 and we assume max = 300. The parameters not shown in the plot are fixed to their fiducial values. Figure 5 . We show the relative difference between the forecasted error on Ω K for a constant cosmic magnification amplitude and the case marginalized over L as a function of the nonlinear scale max . We consider the magnification bias for a SKA-like survey (left panel) and with a constant magnification bias s(z) = 1 (right panel). Red (dashed) lines include z-bin auto-correlation only, while blue (solid) lines consider as well z-bin cross-correlation.
The degeneracy seems to be completely broken once we include z-bin cross-correlations. Hence, a full tomographic analysis will not introduce a systematic change in the forecasted error on Ω K . This shows how crucial is to use the radial information to be able to disentangle the clustering signal from the lensing magnification. Clearly, the constraints on the lensing potential increase significantly when we include z-bin cross-correlation, this is discussed in detail in [60] . On the other hand, the constraints on the curvature parameter come mainly from the transversal modes. Indeed by adding the radial mode, and accounting properly for the cosmic magnification as forecasted for SKA, the error does not change.
In figure 5 we show the relative difference between the forecasted error on Ω K for a constant cosmic magnification amplitude and the case marginalized over L as a Figure 6 . 1σ contour plot for Ω K and rel . In red (dashed) we consider only z-bin autocorrelation, while in blue (solid) we include also z-bin cross-correlations. We adopt magnification bias for a SKA-like survey (i.e. eq. (D.5)). In both panels we have f sky = 0.75 and we assume max = 300.
function of the non-linear cut-off max . We notice that the degeneracy between cosmic magnification and curvature is not broken by going to smaller scales, if we do not take into account radial correlations, i.e., z-bin cross-correlations. We also show the case for s(z) = 1 (instead of the redshift dependent function compatible with SKA), which proves the importance of modeling correctly magnification bias. We repeat the same approach to study the impact of the other relativistic effects (apart from the cosmic magnification studied so far) on constraints of the curvature parameter Ω K . We now replace in equation
In figure 6 we see that these other relativistic effects and the curvature parameter are completely independent, either with or without adding z-bin cross-correlations. Contrary to the cosmic magnification, we notice that relativistic effects are poorly constrained with our conservative setting based on only 5 z-bins. Because of this very low constraining power on rel , the forecasted errors on Ω K are insensitive to the amplitude of relativistic effects. This result agrees with previous analysis on different cosmological parameters, which have shown that rel can be detected only through multi-tracer techniques if few redshift bins are considered [61, 90, 91] , whereas cosmic magnification is relevant also in a single tracer analysis [60] .
Bias on the best-fit
Now we study how neglecting relativistic integrated terms can bias the best fit measurement of the curvature parameter. A complete investigation of the shift in the best fit of the measurement would require an MCMC analysis [92] . However, if the difference between the two models is small, we can Taylor expand and, to leading order in the systematic effect, we can use eq. (D.9). We focus on measurements of curvature jointly with one other parameter, keeping the remaining parameters at their base values, our fiducial cosmology. As second parameter we consider both the dark matter energy density parameter Ω cdm , and the dark energy equation of state parameter w 0 (see appendix D for more details about the fiducial cosmology and specifications). Different constant values of the magnification bias s are indicated, whereas the label 's(z)' (red square) refers to the redshift-dependent case depicted in figure 9 . The fiducial parameters are indicated by a cross, which corresponds to the expected best-fit values if the analyses where done consistently including all relativistic terms. We plot 1σ, 2σ and 3σ contours obtained by a Newtonian analysis, for max = 300. Figure 7 shows the bias in the estimation of best-fit cosmological parameters obtained with the Fisher formalism outlined in eq. (D.9). Here, in order to estimate the systematic error due to neglecting relativistic terms, we include in the analysis all redshift bin cross-correlation both in the "Newtonian" and in the "full relativistic" analysis. Contours correspond to the 1σ, 2σ and 3σ intervals obtained from the Fisher matrix in the Newtonian approximation. Red squares correspond to the shift expected by assuming the full redshift-dependent magnification bias s(z) showed in figure 9 . We consider the joint constraints on {Ω K , Ω cdm } and on {Ω K , w 0 }, where in each case the other standard ΛCDM parameters are kept fixed to their fiducial values (i.e., in each plot we consider a 2 × 2 Fisher matrix). Interestingly, the joint constraint of {Ω K , w 0 } shows a much larger systematic shift than the one of the pair {Ω K , Ω cdm } (this is investigated more in detail below, see figure 8 ).
We also estimate the shifts by assuming several constant values of magnification bias s, indicated in figure 7 next to the black dots. The case s = 0.4 always shows a small shift. In this case, the lensing magnification term vanishes and the shift comes entirely from the other relativistic terms. This confirms the fact that, in our tomographic configuration including few relatively large redshift bins, the lensing term is the main non-Newtonian contribution. Indeed, as it can be seen from eq. (2.52), the pre-factor (2 − 5s) of the lensing integral vanishes for s = 0.4. We verified that the main remaining contribution to the shift for s = 0.4 is due to Doppler terms. The direction of the shift along the Ω K direction is due to the fact that a negative (2 − 5s) factor corresponds to observing less volume at a given angular separation, hence it corresponds to a positive curvature K > 0 (i.e., Ω K < 0). This increase in the curvature, however leads to a smaller angular diameter distance which is compensated by a lower Ω cdm and correspondingly higher Ω Λ . In the right panel, where Ω cdm is fixed and Ω Λ increases with curvature, this leads to an increase in the angular diameter distance which can be compensated partially with and increase in w 0 . Of course this is not the full explanation as number counts are not only sensitive to the angular diameter distance. Especially, the s(z) specification for SKA (red square), which is small at low redshift but tends to 1 at large redshift prefers only very little curvature but a w 0 significantly larger than −1. We conclude that if the Newtonian analysis is assumed to be the correct model instead of the relativistic one (including at least also lensing), important systematic shifts in the best-fit values are to be expected depending on the survey specifications.
We cannot be more quantitative at this point, since the Fisher analysis presented here actually looses its validity when the shifts become significantly larger than 1σ which happens in our analysis.
In figure 8 we plot the systematic shift in the best-fit of the given parameter, computed with eq. (D.9), relative to the marginalized standard error estimated as
is a diagonal element of the inverted Newtonian Fisher matrix. As in figure 7 , for each plot we fix the parameters that are not being considered to their fiducial values, hence in each case we only have a 2 × 2 Fisher matrix. We assume a redshift-dependent magnification bias consistent with figure 9 . The different dots show the shifts obtained for different multipole cut-off values max used in the analysis (we recall that in figure 8 we consider max = 300). Lighter dots correspond to lower max , while darker dots include more non-linear scales. A more rigorous analysis would be necessary to treat consistently non-linear scales (see e.g. [60, 87] ), that we are here including for the lowest redshift bins and highest multipoles. However, here we want to analyze qualitatively the dependence of the systematic shift on the largest scales included in the analysis. For a quantitative estimation an MCMC analysis is advisable [92] especially to confirm large shifts ∆ θ ≫ σ θ , for which our formalism is not self-consistent. In fact, the Fisher matrix analysis can be trusted only for a small systematic bias, within the 1σ errors. When the shift is large, ∆ θ σ θ > 1 we can only conclude that there is a significant shift but we cannot trust its amplitude which is obtained by a first order Taylor expansion. When only large scales are included in the analysis, the shifts are relatively modest, and they become significant as smaller scales are included. This is in part due to the fact that, including more scales, the errors shrink and a given shift becomes more relevant. But also, the shift itself increases considerably, since the lensing integral becomes more relevant at larger multipoles [60, 87] . Instead, the shift increases significantly (and monotonically) in the w 0 direction, which is then particularly sensitive to the lensing effect. This shows also that radial correlations are especially useful to constrain the evolution of dark energy.
Conclusions
In this work we generalize the observed galaxy number counts to spatially curved geometries. We include all relativistic effects to first order in perturbation theory. We implemented this new formalism in the new release v2.5.0 of the publicly available code class [71] [72] [73] , to compute efficiently and accurately the redshift dependent angular power spectra.
We have compared the constraining power on Ω K coming from its geometrical nature and from its dynamical effects and have shown that the geometrical part is prevalent. Then, we used the fully relativistic formalism to investigate how constraints on the spatial curvature of the universe coming from future galaxy surveys differ when using the proper relativistic formalism rather than the standard Newtonian approach. We showed how the error on Ω K depends on relativistic effects and how the inferred value changes when we properly account for all the relativistic corrections. We verified that the most relevant relativistic contribution in our configuration (compatible with a SKA-like survey divided in 5 bins) is cosmic magnification. We have found that including radial information, i.e. z-bin cross-correlations data, is in general crucial and significantly reduces the errors and the degeneracy between spatial curvature and cosmic magnification. However, the significance of this degeneracy strongly depends on the magnification bias s(z). Actually, for the function predicted for SKA it is relatively mild.
We then have studied the bias in the inferred best-fit value of Ω K , obtained when neglecting magnification or the other relativistic terms. While the bias from the other relativistic terms is much smaller than the errors, the shift from magnification can become substantial, depending on the value of the magnification bias s. When deriving constraints on Ω K from future LSS surveys, it is therefore very important to include magnification and to have good knowledge of the magnification bias s(z) of the survey.
This work can be regarded as a contribution to the general effort in setting up a precise theoretical modeling for analyzing galaxy clustering using future surveys and it provides the community with an improved tool to better understand galaxy clustering at the largest scales. With the use of a formalism including large-scale effects, wide and deep future galaxy surveys can avoid any theoretical bias introduced by neglecting relativistic effects.
Furthermore, current measurements of the curvature parameter are not yet at cosmic variance limit. The effort of reaching the level of accuracy needed to test some very fundamental theories about the nature of the Universe, and to provide observational constraints on models inspired by the string landscape, can benefit of a full relativistic description. 
A Scalar harmonic functions
Here we give the explicit form of the orthogonal functions defining a basis for expansion of scalars X(n, z) in wavenumber space. The expansion is performed in spherical coordinates and allows for an arbitrary curvature K. The derivation follows the works of [72, 74, 79, 80, 93] . For a possible generalization to vector and tensor modes see, e.g., [94] .
In this appendix we use the same notation as in the class code [71] [72] [73] , where the spatial part of the metric in eq. (2.2) is written as
and the rescaled radial coordinate is χ = K (τ 0 − τ ) = K r. We defined
which is related to our previous notation by S K (r) = sin K (χ) K . The flat-limit is consistently obtained taking
→ r. We also define
We look for eigenfunctions Q k (x) of the covariant Laplacian ∆ K given the metric (A.1). These are the solutions of the Helmotz equation
Introducing the generalized wavenumbers
the spectrum is complete for
For possible issues of super-curvature modes in an open Universe, see [95] . In the following we change notation between k. q and κ as most convenient.
In flat space K = 0 the equation is solved
, which satisfy the orthonormality relation
where the star denotes complex conjugation, and 
where we denote k ⋅ x = krk ⋅x. We further remark that spherical Bessel functions satisfy the orthogonality relation
The spatial part of each mode of oscillation in spherical coordinates is given by j (kr)Y m (n), which as said satisfies eq. (A.4). In our coordinates only the radial dependence of the metric, eq. (A.2), changes for K ≠ 0. Hence we look for eigenfunctions of the Helmholtz equation of the form Q κ m = Φ κ (χ)Y m (n) (which then form a basis for expansion in spherical coordinates for each mode k). The solution is given by 7 We use unitary Fourier transform conventions. For K = 0 we define Q k = 1 (2π) 3 2 e ik⋅x , the power spectrum is ⟨∆(k)∆(k ′ )⟩ = δ(k+k ′ )P (k) and the variance per logarithmic wavenumber P(k) =
hyperspherical Bessel functions:
and P M L (µ) are associated Legendre functions [78] . The normalization is chosen such that for K → 0 we recover Φ κ → j (κχ) = j (kr). This leads to the orthogonality relation
where the product δ ′ δ mm ′ comes from the orthogonality of spherical harmonics, while the factor
is the generalization of eq. (A.9) (where j (kr) are replaced by Φ κ (χ)), for which we defined
Then, introducing a vector q with length q and directionq =k, the functions 14) are solutions of the Helmholtz equation (A.4), reduce to eq. (A.8) for K = 0, and satisfy the closure relation
where we used δ(q,
Finally, it is useful to introduce the following functions:
with simple flat space limits. Following [72] , we also define
B The transfer functions for number counts
The results of Appendix A allow us to expand a scalar function X(n, z) in terms of
where the symbol ⨋ indicates that for positive curvature the integral over q has to be replaced by a sum. At initial time the power spectrum of the curvature perturbation
, and the dimensionless initial power spectrum as P R (k) = 
where we defineP R (q) ≡ q 2 q 2 −K P R (k) and use q 2 = k 2 + K, hence kdk = qdq. In the last integral the variable q is a function of k.
All the terms in eq. (2.52) can be expanded following the recipe outlined above. The only terms requiring further discussion are those involving the velocity. To treat them we recall that at linear order in perturbation theory [74] the decomposition of the k-mode of a vector field is of the form
were we only consider scalar modes. Then, using −n⋅∇ = ∂ r and χ = K r, the expansion of terms proportional to n ⋅ v reads for each k-mode can be written as
where we define Θ(k) ≡ kV (k) as in [96] to match the notation of the class code. In the same way we can write
Expressing the eigenfunctions Q q (x) in terms of hyperspherical Bessel functions Φ κ ≡ j κ as in eq. (A.14), the terms n⋅v and ∂ r (n⋅v) involve the functions j κ′ and j κ′′ , respectively, as one sees by comparing the equations written above with eq. (A. 16-A.18 ). Finally, the velocity term proportional to v, where v = −∇v, is a scalar and is expanded in terms of j κ . Comparing with eq. (B.4) we obtain for each
Adding all the terms of eq. (2.52) together we finally express the transfer function of ∆(n, z) as the sum of the following terms:
As in Ref. [73] , the different contributions correspond to density ('Den'), Kaiser redshiftspace distortions ('Red'), lensing ('Len'), Doppler ('D1', 'D2') and terms depending on the gravitational potentials ('G1'-'G5'), respectively. For compactness we have omitted the arguments q for the transfer functions, (τ, q) for the source functions, χ for the generalized Bessel functions, and τ for selection and background functions. The index i refers to the redshift bin around reference redshift z i and W i is a normalized window function over the bin. Note that we use the functions .20) . For the integrated terms 'Len', G4 and G5, we have defined the modified window functions
The corresponding expressions presented in [73] are recovered by taking the flat space limit and integrating by parts ∆ G5 i (neglecting boundary terms since they vanish as τ → 0 and are unobservable for τ = τ 0 ) and redefining consistently ∆ G1 i and ∆ G2 i so that the sum of these transfer functions coincides with the form considered in classgal.
C Luminosity distance
We derive the luminosity distance for the metric (2.2) to first order in perturbation theory. In any metric, the (angular diameter) distance is determined by the Sachs focussing equation [97, 98] 
with final conditions
and σ is the complex shear of the light bundle defined as
Here e 1 and e 2 are orthonormal vectors, which are normal to both u and n at the observer position and parallel transported along the light-like geodesic parametrized by n. They form the so called 'screen' of the light bundle. The distancesD A and D A of conformally related metric ds 2 and ds 2 = (1 +z) 2 ds 2 , respectively, are simply connected through
Here we have used the Etherington's reciprocity relation [99] ,
It is known [100] that the light shear σ vanishes for conformally flat spacetimes. This is trivially the case for K = 0 at the background level. More interesting, it is well known that also the K ≠ 0 cases are conformally flat (see, e.g. problem 5 in chapter V of [101] or, more recently, [102] ). This means, that at linear order, we need to solve perturbatively
where, adopting the conformal metric ds
For the second equality we have used repetitively the chain rule (2.11). This we will be convenient to simplify the final expression. At the background level eq. (C.6) reduces to
which is solved byD
Then, at first order, we have obtain the following equation for δD A :
where ω
o denotes the first order part of ω o defined in eq. (C.2). We express the distance in terms of the conformal time τ instead of the affine parameter λ using
and expanding
With this we obtain
(C.14) The luminosity distance is related to the angular diameter distance through
Then, we include the expansion of the universe just considering the conformal metrics ds 2 and ds 2 , as shown in eq. (C.5). The last step consists in writing the luminosity distance in terms of the true observable redshift instead of conformal time, or the unphysical background redshift. Following the approach of Ref. [103] we computẽ 
D Forecast specifications
In this section we summarize our forecast specifications and techniques. We assume FLRW background described by the following fiducial values Ω b = 0.05, Ω cdm = 0.25, Ω K = 0, w 0 = −1 for the baryon, cold dark matter and curvature parameters, dark energy equation of state and sound speed, respectively. The dimensionless Hubble parameter is set to h = 0.67. All other standard ΛCDM cosmological parameters are set to values consistent with Planck [18] (however we neglect neutrino masses). When varying the curvature parameter, we re-scale the dark energy one (when considering a cosmological constant, we also use the notation Ω Λ instead of Ω de ) according to . Left: redshift distribution of galaxies for 0.05 < z < 2; except when stressed differently, we group galaxies into 5 redshift bins of equal width, assuming a good redshift resolution. Right: galaxy (solid) and magnification (dashed) biases.
where Ω m = Ω b + Ω cdm , which is consistent with neglecting the neutrino masses. We assume specifications consistent with a SKA-like survey as presented in [82, 83] . In figure 9 we summarize our specifications [60, 82, 83] : 4377. The number of galaxies per redshift and per steradian is indicated by dN dz dΩ. We divide the total redshift range in 5 redshift bins. The sky coverage of the survey is given by f sky . The magnification bias is consistent with the 5 µJy sensitivity [82] . Given the spectroscopic redshift determination, we use tophat redshift bins. We assume constant galaxy and magnification bias within each redshift bin.
To estimate error contours, we compute a series of angular auto-(within the i th −i th bin) and cross-(i th − j th , for i ≠ j) power spectra, C (z i , z j ), in 5 different redshift bins. We evaluate the covariance as (see e.g. [86, 87] and the observed correlations include shot noise,
where N i denotes the number of sources per steradian in the i th bin. An optimal binning in -space, ∆ , should be introduced to consider the covariance block-diagonal in multipoles [86, 104] , but we verified that it does not affect our results. The Fisher matrix elements are given by:
where θ α(β) is the α(β)-th cosmological parameter, and we sum over up to 300 (unless stated differently). The second sum is over the matrix indices (ij) with i ≤ j and (pq) with p ≤ q which run from 1 to the total number of bins (when all bin autoand cross-correlations are taken into account). Note that, when neglecting some of the bin correlations (e.g., neglecting cross-correlations), the covariance matrix must be first reduced to include only the correlations (ij), (pq) which are considered in the Fisher matrix (e.g., only i = j and p = q if cross-correlations are neglected) and then the resulting covariance must be inverted. We assume that the fiducial Universe is described by the full relativistic spectra C rel . Assuming the approximate Newtonian formalism and C nwt spectra, where only density and redshift space distortion terms are included, may lead to a bias in the error estimation, as well as in the best-fit values. We estimate the shift in the best-fit values due to the wrong model assumption as in [105] [106] [107] [108] . We define the systematic error as ∆C = C rel − C nwt . Then the statistical bias on the best-fit is given by: . Furthermore, it has also been assumed that the bias is small compared to the marginal errors. This in general not the case as correlations between redshift bins can be dominated by integrated terms like the lensing convergence.
